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ABSTRACT 

Self-gravitating systems with nonlocal, long-range interactions are described by nonextensive statis- 
tics. Recently, Leubner demonstrated that the nonextensivity parameter k should be negative for self- 
gravitating, pressureless systems, such as dark matter halos. The equation for the spherically symmetric 
nonextensive dark matter halos has also been derived. Here we demonstrate that this equation is identi- 
cal to the classical Lane-Emden equation describing the structure of self-gravitating polytropic spheres. 
This establishes an intimate connection between self-gravitating polytropes and nonextensive thermo- 
statistics. Moreover, based on this fact and observational data, we put a stronger constraint on k, namely 
«£-3.4. 

Subject headings: cosmology: theory — dark matter — galaxies: halos — galaxies: structure 



The classical Boltzmann statistics describes systems 
with short-range interactions and without long-term mem- 
ory. In contrast, many astrophysical systems, e.g., self- 
gravitating objects, exhibit long-range interactions. Cer- 
tain thermal properties, such as (negative) heat capacity, 
can lead to long-term spatio-temporal correlations. There- 
fore, the Boltzmann theory cannot, often, yield an ade- 
quate description of these systems. 

The generaliza tion of the Boltzmann statistics proposed 
bv lTsallia (|1988f) accounts for the systems in which the en- 
tropy is not an additive quantity. The g eneralized nonex- 
tensive entropy reads as l|Leubneit l2f 
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where ks is the Boltzmann constant, pi is the probability 
of the i-th microscopic state and k is the nonextensivity 
parameter, also referred to as the entropic index. This pa- 
rameter defines the "strength" of long-range correlations 
in a system. This is a free parameter in the theory. For 
k — > ±00, one recovers the standard expression for the 

entropy = —kn Y p,. \np, . 

In a recent paper. lLeubnerl l)2005jl demonstrated that the 
nonextensive statistics can be advantageous in describing 
cosmological self-gravitating objects, e.g., dark matter ha- 
los of galaxies and clusters. One of the main results of 
that paper is Equation (6), which describes the spatial 
structure of spherically symmetric, self-gravitating nonex- 
tensive particle systems. We note that, upon substitution 
ip = (p/po) 1 / 71 , this equation can be cast into the form: 



r 2 dr\ drj (3/2 - n)a 2 v 



(2) 



where G is the gravitational constant, a and po are the ve- 
locity dispersion and particle density normalization, and 
n = 3/2 — k. 

1 A\so: Institute for Nuclear Fusion, RRC "Kurchatov Institute", 

2 The other two integrable cases of the Lane-Emden equation, n 
interest to us. 



Equation is the classical Lane-Emden equation for 
k < 0, whereas it differs from the Lane-Emden equa- 
tion by the sign of the right-hand-side for n > 0. The 
Lane-Emden equation describes self-gravitating polytropic 
spheres. It has been stud ied in great details, see, e.g., 
Bin nev fe Tremaind f l994) for a general discussion and 
Medvedev fc Rvbickil J200i|) for recent advances. We 



emphasize that the established connection between the 
nonextensive statistics and self-gravitating polytropes is 
a very remarkable fact. 

The entropic index k is related to the specific heat ca- 
pacity of a system. Self-gravitating systems have ne gative 
heat capacity, hence the constraint ijLeubnert l2005f> 



k < 0, 



(3) 



which corresponds to the index n > 3/2. For such k's, 
Equation has one (and only one) nontrivial exact so - 
lution 2 , namely for n = 5 l|Medvedev fc Rvbickil . 1200 lj) . 
Moreover, for n < 5 the polytropic spheres are finite in 
size. That is, the particle density vanishes at a certain 
radius, r/j, — the halo radius. Interestingly, for n = 5 — e 
(with e « 1), the ratio of the halo ra dius to the core radius , 
r r , ca n be calculated analytically ijMedvedev fc Rvbickil 
1200 1|1 to yield 

^ = -• (4) 



The halo radius is not a well constrained observational 
parameter. We can put constraints on from the ob- 
served or derived halo parameters, such as the radius at 
which the X-ray brightness is detected at > 3<r level or the 
virial and/or tidal radii. A factor of few uncertainly intro- 
duced by this freedom does not induce much uncertainty 
in n, provided r^/r c 3> 1. Galactic halos have cores with 
r c of about one to few of kpc (with a great diversity in 
the actual number). Observations cannot constrain well 
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= and n = 1, correspond to positive values of n and, hence are not of 
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the outer radii, which are likely greater than few tens of 
kpc. This gives r^/r c > 10, which yields constraints n ;> 4 
and, hence, k <J —2.5. Galaxy clusters provide a some- 
what larger dynamical range with r c being as small as few 
tens of k pc and the virial radii being as large as few Mpc 
(see, e.g.. lVikhlinin et alll2005|) . The scales th and r c are 
separated by 1.5 to two orders of magnitude, which yields 
n J> 4.9. Hence, we put the observational constraint on 
the entropic index 

«£-3.4. (5) 
Further improvement in the r^/r c ratio determination does 



not significantly affect this estimate, because r^/r c — > oo 
as k — ► —3.5. An interesting fact, not yet addressed by 
observations, is th at for n > 5, the dark ma tter profile 
has multiple cores ijMedvedev fc Rv bicki. 2001). Provided 
that light traces mass, the cores may be observed in the 
surface brightnes s profiles. The r e lation s between the core 
and break radii fVikhliiiin et all [2005) can set the value 
of k much more accurately. 
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